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Abstract

The dynamics of motile particles, such as microbes, in random porous media are modeled with a hierarchical set of stochas-
tic differential equations which correspond to micro, meso and macro scales. On the microscale the motile particle is modeled
as an operator stable Lévy process with stationary, ergodic, Markov drift. The micro to meso and meso to macro scale homog-
enization is handled with generalized central limit theorems. On the mesoscale the Lagrangian drift (or the Lagrangian accel-
eration) is assumed Lévy to account for the fractal character of many natural porous systems. Diffusion on the mesoscale is a
result of the microscale asymptotics while diffusion on the macroscale results from the mesoscale asymptotics. Renormalized
Fokker—Planck equations with time dependent dispersion tensors and fractional derivatives are presented at the macro scale.
© 2006 Elsevier Inc. All rights reserved.

Keywords: Operator stable Lévy; Porous media; Upscaling; Random; Fractal

1. Introduction

Self-motile colloidal-sized particles, such as microbes, play a fundamental role in the transport of constit-
uents and fluids in natural porous media. The ability to swim allows a microbe to move in a preferential direc-
tion toward desirable energy sources (light, chemical, magnetic, thermal, etc.) [2]. Randomly swimming
microbes can often be modeled as a-stable Lévy motions [11]. Using the concept of directional preference
put forth in [8], swimming in a preferential direction based on an energy gradient can be modeled using an
operator-stable Lévy motion.

Uncertainty in microbial dynamics is manifest on several scales within porous media. We attempt to quan-
tify this uncertainty on three scales via use of renormalizing central limit theorems applied to integrated sto-
chastic differential equations. In subsequent analysis we model the meso scale drift in two ways. The first
parallels that of [10,11] with the Lagrangian velocity a-stable Lévy. The second and novel approach is to
model the Lagrangian mesoscale acceleration as a-stable Lévy.
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Lévy motions are ubiquitous in physics [15] and it is known that the transition densities, f, for a-stable Lévy
and operator-stable Lévy motions satisfy the following Fokker—Planck equations [8],

0

a—{:—v-VerDV“f (1)
and

0 1

aJ::—v«Vf+<2V~<sz/~V+57>f, (2)
respectively. Here v is a divergence-free convective velocity, .o/ is a symmetric positive definite d X d matrix of
diffusion coefficients, D = —1/cos(na/2) describes the spreading rate of the dispersion, V* is the fractional
Laplacian:

N0 = | [ (ikesaias] 3
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where k - s is the inner product and M, is a finite measure on S; = {s € RY: |s| = 1}. The generalized fractional
derivative & f is the inverse Fourier transform of

F70 =870 = [ (e =1 =ik yvian )70, @

where v is the Lévy measure [4,9,14] and B is a wavevector-dependent operator. The main difference between
(1) and (2) is that in the former equation the order of the fractional derivative is the same in each direction,
while in the later it changes with direction and it is this latter character that allows one to model swimming in
preferential directions.

Many natural porous media exhibit a fractal character over some range of scales [1,12,16]. This fractal
structure can induce fractal Lagrangian velocities or accelerations for conservative particles. Since an o-stable
Lévy motion is a fractal with divider dimension o, we may without loss of generality model the drift velocity or
acceleration in a fractal medium as a Lévy process. The degree of stability can be obtained experimentally by
using particle tracking velocimetry (PTV) in conjunction with the finite-size Lyapunov exponent (FSLE) [6].

In subsequent sections we (i) review a-stable and operator-stable Lévy motions; (ii) assume a microbes
behavior at the microscale (pore scale) is governed by a stochastic ordinary differential equation with station-
ary, ergodic, Markov drift and operator-stable Lévy diffusion; (iii) upscale the microscale equation to the
mesoscale via a generalized central limit theorem (CLT); (iv) assume the drift on the mesoscale is a-stable Lévy
with diffusion determined by the microscale asymptotics and again upscale via another CLT to the macroscale;
(v) assume the acceleration on the mesoscale is a-stable Lévy with diffusion determined by the microscale
asymptotics and again upscale via a CLT to the macroscale. The paper concludes with a brief summary of
the results.

2. a-Stable Lévy and operator-stable Lévy processes
Consider the following integrated stochastic ordinary differential equation (SODE) in three dimensions:
X(r) = X(0) + /OtV(r) dr+ pL(t), t=0, (5)
where the stochastic process {V(r)} is a-stable Lévy, p is a constant and pL(z) is an operator-stable Lévy pro-

cess [8]. Let V(1) = V(¢) — V(0) and X (1) = X(#) — X(0). For each 7, V() has an a-stable distribution [5,7,13]
(V(¢) ~ S, (tM,, tn,)), whose characteristic function, ¢,, is

,(t,K) = exp [—t /S |k.s|“v(1—isgn(k-s)tan (“;”))Mv(ds)ﬂtk-m) , (6)

where 0 <o, < 2, 0,# 1 and sgn(x) =11if x > 0, 0 if x = 0 and —1 otherwise and pu, is the mean tensor for the
o-stable distribution. When o, =1
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¢,(t,k) = exp {—t |k - s| <1 + i%sgn(k -s)loglk - s|>MU(ds) +itk-p,)|. (7)
Sa

Henceforth, for simplicity in presentation we assume o, # 1. Let
Y(t) = /O[V(r) dr,

and decompose Y(?) as
Y(1) = /0 (V(0) + V()dr = tV(0) + (1),

where Y (1) = [, V(r)dr. B
For each ¢, the characteristic function, ¢,, of Y(¢) is

ir?

2
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K- s|* (1 —isgn(k -s) tan (m”>)MU(ds) +

5 K-m,]. (8)

¢,(t,k) = exp {—
The proof is given in [10].
3. Upscaling from microscale to mesoscale

On the microscale we assume the behavior of microbes depends on direction and so the integrated SODE is
of the form

t
XO) = X9(0) + / VO dr+ pOLO(1), >0, (9)
0

where V(9(r) is assumed stationary, ergodic and Markovian with the mean V®, and p“L®(z) is an operator-
stable Lévy process. Here, the superscript (0) means microscale. (We use (1) for mesoscale and (2) for macro-
scale.) The characteristic function, ¢,, of pPL%(r) is [8]

¢, (1,k) = explitk - u, — tk - o/ -k + tB(K)], (10)

where tyéo) = E[L"(z)] is the expected value of p“L(y).
By using the classical central limit theorem it has been shown [3] that as A — oo,

At
171/2/ (VO(r) - V<O))dri>B(l)(f)7 Y
0

a Brownian motion, where <, means the convergence in distribution.
(}et ZEO)(t) = (pOLO () — ituﬁo)) 22 Then the natural logarithm of the characteristic function, ¢,, of
2 (1) is

e

In ¢,(t,k) = lnE[exp(ik . Z(io)(t))] = —tk-&/-k+t/
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R([

:—tk-&/~k+t/

R?

J(cos(A7" 7k - £) — 1)v(de) + it / A(sin(27Pk - £) — 27k - £)v(de).
Rd

Observe that the integrands of the two integrals are monotonically increasing as 4 — oco. By the monotone
convergence theorem, the two sequences of integrals converge. Therefore, for each k

In¢,(1,k) — (—tk-&{-k—t/i %(k-f)%(dﬁ)), A — 0.

Hence,

00 5zZ00), i— oo (12)
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whose characteristic function, ¢., is
t
¢.(t,k) = exp [—tk~&/~k—2/ (k-é)zv(dﬂ)]. (13)
Rd

In order to use (11) and (12), we look at

XO0) = (VO + 1) Y(ut) — VO pL(21) — Jap)”

;LI/Z /11/2 /'«LI/Z

Egs. (11) and (12) then show convergence in distribution:

XO (11 — 2t(VO L 4 -
XU A S0 2 )+ 20() = 0RO ), (14)

whose characteristic function, v, is

Vit K) = exp [—z Ik - )M, (ds) —tk-&/-k—é/

R?

(k - e)zv(d&} . (15)

Sa

4. Upscaling from mesoscale to macroscale with V(¢) a,-stable Lévy

Let V(7) be a,-stable Lévy with 1 <o, < 2. We assume that for each 7, V\(¢) has constant mean and
V(0) has an initial distribution =,.

E(VY (1)) = E(VV(0)) =V for any ¢ > 0. (16)
Since E(ivf(')(t)) = 0 for each time ¢, p, = 0. We also assume periodicity of V(7) = VV(z, &1(0)) in the initial
data:

V“)(t, 5(1)(0) =+ v(l)) - Vm(t, 5(1)(0))7
where v(!) = (vﬁl), RN vf;)) for integers v,(cl), k=1,...,d and &V() = &Y, w) is a random particle path in the
porous medium with @ an elementary event. Let

v =E[|Qll / 0 AR RO ON a7

where Qo = Qo) = {£ (0,0): £7(0,w) €[0,11} and B = B(w) = {1 = 0:ZV(r,0) € [0,1]%}. Set u{") = VO 4

u” and pLO (1) = ! + pVLO (1),
For t = Jt', we showed the convergence [10]:

YY) = VO
“

/'Ll+l/1l. (t,)7

The characteristic function, ¥,,, of W(?') is

A — 00.

40,
(1K) = exp [— A K- s (1 —isgn(k -s) tan (n;”))Mv(ds)} (18)
Let Y®(¢) = lim,_., Y (). Thus, for each 7> 0 we have
YO () ~ V0 YO (1), (19)

To obtain a central limit theorem for X (z), let

XD () = (V] + w)ar
/11+1/otr

Zil)(t/) =

FVO — v YO = VO pOLY () — af ul”
= e + PERVE: + FIRRVE: :
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As . — oo, the first and second terms of the right hand side of (20) converge to zero and SNK(Z)(t’) in distribu-
tion, respectively. To obtain the convergence of the last term of the right hand side of (20), we consider the
natural logarithm of its characteristic function:

lnE[exp (ilfl*l/“”k ' (P(I)L(l)(ﬂvtl) - M!‘El)))}

AR i ek g)y(de) — ¢4 MKk o/ -k (21)
Rd
By the monotone convergence theorem, the right hand side of (21) converges to zero as 4 — oo. So, Z ( D
converges to Y® (’) in distribution. Thus, for each >0, we can approximate the stochastic process
X (£) = lim; .. X" () as

XO() ~ t([V(l)] + ”5”) + Y. (22)

It is possible to derive the Fokker—Planck (Advection-Dispersion) equation [10] that the transition density
fit,x) for X?)(¢) satisfies:

aa—f; = v . Vf + DI ()V*f, (23)
where v = [VV] + u{", D?)(¢) = —r* / cos(na,/2) and V*f is defined by
Tk = | [ (ikesanes)| 7.1, 24)

5. Upscaling from mesoscale to macroscale with a-stable Lévy acceleration

Next, we consider the Lagrangian acceleration to be fractal on the mesoscale rather than the velocity which
is the integral of the acceleration. As with the Lagrangian velocity, we assume that the Lagrangian accelera-
tion, A", on the mesoscale is a,-stable Lévy (A ~ 8, (tM,,tn,)) with 1 <a, <2 and constant mean,
E(A<1>( )) E(A"Y(0)) = AW for each > 0. Let

/ | avaran

We decompose Y!)(7) as follows:

V(1) = / / (A“)(O) + K<1>(r)) drdu = §A<‘>(0) + YD),
/ / r)drdu (25)

and pu, = E(A )(r)) = 0. By switching the two integrals in (25), we obtain

where

YO () = /t(t — AV dr.

For each ¢, the characteristic function, ¢,, of ?(t) is

t1+2an

8,00 = exp |- 5z - s, 5,10, ds) (26)

(1+2a,) Js,

where Y(K, s, a,) = 1 — isgn(k - s)tan(no,/2). We can prove (26) in a fashion similar to that in [10].
We take the same assumption on the microscale as in the previous section. and upscale from mesoscale to
macroscale. We assume periodicity of AV(r) = AV(r, E1(0)) in the initial data:

AV E0(0) +v0) = AV £0(0),
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where v(l) = (v(ll), cey vfil)) for integers v,(cl),k =1,...,d and V() = V(- ,w) is a particle path in the porous

medium. Let
A =g [ g [AV e o) o), 1)

whlere Qo = Qo(o) = {10, 0): €7(0,w) €10,11% and B = B(w) = {t > 0:&")(t,0) € [0,1]'}. Set pVLY (1) =
) + pOLO(2).
For t = ¢/, we can show the convergence by the same argument as in [10]:

YW (i) — L) AW
( )}LZHZN( ) i>“//(t'), A — 00.

The characteristic function, ¢,,, of #°(¢) is the same as (26). Let Y@ (¢) = lim,_... YV (7). Thus, for each
t >0 we have

2 ~

YO (1) ~ %KW FYO (). (28)

To obtain a central limit theorem for X (), let

X MY Al 1
20 () = X0 () — U AD] - Y
» ()= 22+1/%

NAO Z AOY YO ) =LA ,OLO () — af uD
_ @AY —[A") YOO —30)°AY  pOL ) — alw 29)

221/% )V2+1/au /12+1/o<a

As . — oo, the first and second terms of the right hand side of (29) converge to zero and §~((2>(ﬂ) in distribu-
tion, respectively. By the monotone convergence theorem, the last term of the right hand side of (29) converges
to zero in distribution as 4 — oco. So, Z El) (¢') converges to Y@(¢) in distribution. Thus, for each 7> 0, we can
approximate the stochastic process X@(¢) = lim; ... XV (/f) as

X (1) ~ <§ AM] 4 mﬁ”) + Y1), (30)

It is possible to derive the Fokker—Planck (Advection-Dispersion) equation [10] that the transition density
fit,x) for X?)(¢) satisfies:

of
or
where v = ([AV]/2 + u") and D? (1) = —2% / cos(na,/2).

V@V 4+ DI () VL, (31)

6. Summary

We have been studying the movement of motile microbes in porous media for a number of years. This man-
uscript represents our latest attempt to capture, on multiple scales, the ability of a microbe to move in a pref-
erential direction toward an energy source. The preferential movement is governed by an operator-stable Lévy
motion at the pore (micro) scale. At this scale, the particle also experiences a convective drift velocity that is
stationary, ergodic and Markovian. The integrated SODE governing the particle transport is upscaled to the
Darcy (meso) scale via a generalized central limt theorem. At the Darcy scale diffusion is governed by the
asymptotics of the pore scale and drift is governed by an a,-stable Lévy velocity process or an o,-stable Lévy
acceleration. The velocity/acceleration process was chosen to be Lévy to represent the fractal character of the
velocity/acceleration at the Darcy scale. The mesoscale integrated SODE was upscaled to the field (macro)
scale via application of a second central limit theorem. Fractional advective-dispersion equations with
time-dependent dispersion coefficients were presented at the macro scale.

In addition to its application to motile microbe transport in fractal porous media, the work presented has
application to other colloids and fractal biological media such as aerosols in lung tissue [16].
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